Abstract. We prove that any simply connected compact 3-Sasakian manifold, of dimension seven, is formal if and only if its second Betti number is b 2 < 2. In the opposite, we show an example of a 7-dimensional Sasaki-Einstein manifold, with second Betti number b 2 ≥ 2, which is formal. Therefore, such an example does not admit any 3-Sasakian structure. Examples of 7-dimensional simply connected compact formal Sasakian manifolds, with b 2 ≥ 2, are also given.
Introduction
A Riemannian manifold (N, g), of dimension 2n + 1, is Sasakian if its metric cone (N × R + , g c = t 2 g + dt 2 ) is Kähler. If in addition the metric g is Einstein, then (N, g) is said to be a Sasaki-Einstein manifold. In this case, the cone metric g c is Ricci flat. Sasakian geometry is the odd-dimensional counterpart to Kähler geometry. Indeed, just as Kähler geometry is the intersection of complex, symplectic and Riemannian geometry, Sasakian geometry is the intersection of normal, contact and Riemannian geometry.
Sasakian structures can be also defined in terms of strongly pseudo convex CR-structures, namely a strongly pseudo convex CR-structure is Sasakian exactly when the Webster torsion vanishes (see e.g. [10] ).
One of the results of Deligne, Griffiths, Morgan and Sullivan states that any compact Kähler manifold is formal [9] . However, the first and third authors in [3] have proved that the formality is not an obstruction to the existence of Sasakian structures even on simply connected manifolds. Indeed, examples of 7-dimensional simply connected compact nonformal Sasakian manifolds, with second Betti number b 2 (N) ≥ 2, are constructed in [3] . (Note that any 7-dimensional simply connected compact manifold with b 2 ≤ 1 is formal, see section 2 for details.) Nevertheless, in [3] it is also proved that all higher Massey products are trivial on any compact Sasakian manifold.
We remind that a 3-Sasakian manifold is a Riemannian manifold (N, g), of dimension 4n + 3, such that its cone (N × R + , g c = t 2 g + dt 2 ) is hyperkähler, and so the holonomy group of g c is a subgroup of Sp(n + 1). Thus 3-Sasakian manifolds are automatically Sasaki-Einstein with positive scalar curvature [20] . Consequently, a complete 3-Sasakian manifold is compact with finite fundamental group due to the Myers' theorem. The hyperkähler structure on the cone induces a 3-Sasakian structure on the base of the cone. In particular, the triple of complex structures gives rise to a triple of Reeb vector fields (ξ 1 , ξ 2 , ξ 3 ) whose Lie brackets give a copy of the Lie algebra su(2).
A 3-Sasakian manifold (N, g) is said to be regular if the vector fields ξ i (i = 1, 2, 3) are complete and the corresponding 3-dimensional foliation is regular, so that the space of leaves is a smooth 4n-dimensional manifold M. Ishihara and Konishi in [18] noticed that the induced metric on the latter is quaternionic Kähler with positive scalar curvature. Conversely, starting with a quaternionic Kähler manifold M of positive scalar curvature, the manifold M can be recovered as the total space of a bundles naturally associated to M.
The above situation has been generalized to the orbifold category by Boyer, Galicki and Mann in [7] (see also [6] ). In fact, if the 3-Sasakian manifold is compact, then the Reeb vector fields ξ i are complete, the corresponding 3-dimensional foliation has compact leaves and the space of leaves is a compact quaternionic Kähler manifold or orbifold. We recall that a 4n-dimensional (n > 1) Riemannian manifold/orbifold is quaternionic Kähler if it has holonomy group contained in Sp(n)Sp(1), and a 4-dimensional quaternionic Kähler manifold/orbifold is a self-dual Einstein Riemannian manifold/orbifold. The 3-Sasakian structures can be considered also from a sub-Riemannian point of view [25] by using quaternionic contact structures [2] . A 3-Sasakian manifold is precisely a quaternionic contact manifold with vanishing Biquard torsion and positive (quaternionic) scalar curvature [19] .
Important results on the topology of a compact 3-Sasakian manifold were proved by Galicki and Salamon in [15] . There it is proved that the odd Betti numbers b 2i+1 of such a manifold, of dimension 4n + 3, are all zero for 0 ≤ i ≤ n. Moreover, for regular compact 3-Sasakian manifolds many topological properties are known (see [5, Proposition 13.5.6 and Theorem 13.5.7]). For example, such a manifold is simply connected unless N = RP 4n+3 . Also, using the results of Lebrun and Salamon [21] about the topology of positive quaternionic Kähler manifolds, Boyer and Galicki in [5] show interesting relations among the Betti numbers of regular compact 3-Sasakian manifolds; in particular b 2 ≤ 1. Nevertheless, in [8] it is proved that there exist many 3-Sasakian manifolds, of dimension 7, with arbitrary second Betti number. The goal of this note is to prove the following. On the other hand, we prove that formality allows one to distinguish 7-dimensional Sasaki-Einstein manifolds which admit 3-Sasakian structures from those which do not. In fact, we show an example of a 7-dimensional regular simply connected Sasaki-Einstein manifold, with second Betti number b 2 ≥ 2, which is formal. Thus, Theorem 1.1 implies that such a manifold does not admit any 3-Sasakian structure. Our example is the total space of an S 1 -bundle over a positive Kähler Einstein 6-manifold which is the blow up of the complex projective space CP 3 at four points.
Minimal models and formal manifolds
In this section, we recall concepts about minimal models and formality from [9, 11, 12] .
Let (A, d A ) be a differential graded commutative algebra over the real numbers R (in the sequel, we shall say just a differential algebra), that is, A is a graded commutative algebra over R equipped with a differential d A which is a derivation, i.e.
, where |a| is the degree of a. Given a differential algebra (A, d A ), we denote its cohomology by H * (A). The cohomology of a differential graded algebra H * (A) is naturally a DGA with the product inherited from that on A and with the differential being identically zero. The DGA (A, d A ) is connected if H 0 (A) = R, and A is 1-connected if, in addition, H 1 (A) = 0. Henceforth we shall assume that all our DGAs are connected. In our context, the main example of DGA is the de Rham complex
Morphisms between differential algebras are required to be degree preserving algebra maps which commute with the differentials. A morphism f :
A differential algebra (A, d A ) is said to be minimal if:
(1) A is free as an algebra, that is, A is the free algebra V over a graded vector space V = V i , and (2) there exists a collection of generators {a τ , τ ∈ I}, for some well ordered index set I, such that |a µ | ≤ |a τ | if µ < τ and each d A a τ is expressed in terms of preceding a µ (µ < τ ). This implies that d A a τ does not have a linear part.
We shall say that
is a minimal DGA and there exists a morphism of differential graded algebras
In [17] , Halperin proved that any connected differential algebra (A, d A ) has a minimal model unique up to isomorphism. For 1-connected differential algebras, a similar result was proved by Deligne, Griffiths, Morgan and Sullivan [9, 16] .
If M is a simply connected manifold, then the dual of the real homotopy vector space π i (M) ⊗ R is isomorphic to V i for any i. This relation also holds when i > 1 and M is nilpotent, that is, the fundamental group π 1 (M) is nilpotent and its action on π j (M) is nilpotent for all j > 1 (see [9] ).
We say that a differential algebra (A, The formality of a minimal algebra is characterized as follows. This characterization of formality can be weakened using the concept of s-formality introduced in [12] . A differentiable manifold M is s-formal if its minimal model is s-formal. Clearly, if M is formal then M is s-formal for all s > 0. The main result of [12] shows that sometimes the weaker condition of s-formality implies formality.
Theorem 2.3 ([12]). Let
One can check that any simply connected compact manifold is 2-formal. Therefore, Theorem 2.3 implies that any simply connected compact manifold of dimension not more than 6 is formal. (This result was early proved by Neisendorfer and Miller in [24] .) For 7-dimensional compact manifolds, we have that M is formal if and only if M is 3-formal. Moreover, if M is simply connected we have: Lemma 2.4. Let M be a 7-dimensional simply connected compact manifold with b 2 (M) ≤ 1. Then, M is 3-formal and so formal. In order to detect non-formality, instead of computing the minimal model, which usually is a lengthy process, one can use Massey products, which are known to be obstructions to formality. The simplest type of Massey product is the triple (also known as ordinary) Massey product, which we define next. Let (A, d A ) be a DGA (in particular, it can be the de Rham complex of differential forms on a differentiable manifold). Suppose that there are cohomology classes [a i ] ∈ H p i (A), p i > 0, 1 ≤ i ≤ 3, such that a 1 · a 2 and a 2 · a 3 are exact. Write a 1 · a 2 = d A x and a 2 · a 3 = d A y. The (triple) Massey product of the classes [a i ] is defined to be
. 
We wil use also the following property.
Lemma 2.5. Let M be a connected differentiable manifold. Then, Massey products on M can be calculated by using any model of M.
Proof. It is enough to prove that if
The existence of a non-zero Massey product is an obstruction to the formality. We have the following result, initially proved in [9] . Lemma 2.6. If M has a non-trivial Massey product then M is non-formal.
Proof. Suppose that M is formal and let us see that all the Massey products are trivial. Let a 1 , a 2 , a 3 be cohomology classes on M with a 1 · a 2 = a 2 · a 3 = 0. By Lemma 2.5, to compute the Massey we can use any model for M. By definition of formality, (H * (M), 0) is a model for M. In this model we can use x = 0, y = 0 for a 1 · a 2 = dx, a 2 · a 3 = dy. So the Massey product is [
The concept of formality is also defined for CW-complexes which have a minimal model ( V, d). Such a minimal model is constructed as the minimal model associated to the differential complex of piecewise-linear polynomial forms [16] . We shall not need this in full generality, but we shall use the case when X is an orbifold. Thus, since the proof of Theorem 2.3 given in [12] only uses that the cohomology H * (M) is a Poincaré duality algebra, Theorem 2.3 also holds for compact connected orientable orbifolds.
Formality of 3-Sasakian manifolds
We recall the notion of 3-Sasakian manifolds following [4, 6, 5] 
is Kähler, that is the cone metric g c = t 2 g + dt 2 admits a compatible integrable almost complex structure J so that (N × R + , g c = t 2 g + dt 2 , J) is a Kähler manifold. In this case the Reeb vector field ξ = J∂ t is a Killing vector field of unit length. The corresponding 1-form η defined by η(X) = g(ξ, X), for any vector field X on N, is a contact form. Let ∇ be the Levi-Civita connection of g. The (1,1) tensor φX = ∇ X ξ satisfies the identities
for vector fields X, Y .
A collection of three Sasakian structures on a (4n+3)-dimensional Riemannian manifold satisfying quaternionic-like identities form a 3-Sasakian structure. More precisely, a Riemannian manifold (N, g) of dimension 4n + 3 is called 3-Sasakian if its cone (N × R + , g c = t 2 g + dt 2 ) is hyperkähler, that is the metric g c = t 2 g + dt 2 admits three compatible integrable almost complex structure J s , s = 1, 2, 3, satisfying the quaternionic relations, i.e.,
is a hyperkähler manifold. Equivalently, the holonomy group of the cone metric g c is a subgroup of Sp(n + 1). In this case the Reeb vector fields ξ s = J s ∂ t (s = 1, 2, 3) are Killing vector fields. The three Reeb vector fields ξ s , the three 1-forms η s and the three (1, 1) tensors φ s , where s = 1, 2, 3, satisfy the relations
The Reeb vector fields ξ s satisfy the relations [ξ i , ξ j ] = 2ξ k thus spanning an integrable 3-dimensional distribution on a 3-Sasakian manifold. In order to prove Theorem 1.1, we use the two following results about the three dimensional 3-Sasakian foliation proved by Boyer and Galicki in [6] . ii) The 3-Sasakian structure on M restricts to a 3-Sasakian structure on each leaf.
iii) The generic leaves are either SU(2) or SO(3).
Theorem 3.2 ([6])
. Let (N, g) be a 3-Sasakian manifold of dimension 4n + 3 such that the Reeb vector fields (ξ 1 , ξ 2 , ξ 3 ) are complete. Then the space of leaves N/F 3 has the structure of a quaternionic Kähler orbifold (O, g O ) of dimension 4n such that the natural projection π : N −→ O is a principal V-bundle with group SU(2) or SO(3), and π is a Riemannian orbifold submersion such that the scalar curvature of g O is 16n(n + 2).
Proof of Theorem 1.1:
Consider (N, g) a 7-dimensional simply connected compact 3-Sasakian manifold whose second Betti number is b 2 (N) ≤ 1. Then N is formal by Lemma 2.4. The converse is equivalent to prove that if the compact 3-Sasakian manifold (N, g) has b 2 (N) = k > 1, then N is non-formal. To this end, we will show that N has a non-trivial Massey product.
Denote by F the canonical three dimensional foliation on N. Since N is compact, the Reeb vector fields (ξ 1 , ξ 2 , ξ 3 ) are complete. Then, by Proposition 3.1, the leaves of F are quotients Γ\S 3 , where Γ ⊂ Sp(1) = SU(2) is a finite subgroup. Theorem 3.2 implies that there is an orbifold 
Clearly N is a 7-dimensional simply connected, compact manifold, with second Betti number b 2 = 4. Moreover, N is Sasaki-Einstein. Indeed, the manifold M, that is the blow up of the complex projective space at four points, is a toric symmetric Fano manifold with vanishing Futaki invariant [14] and the existence of a Kähler Einstein metric follows from [1] (see also [27] ). An application of [13, Example 1] gives the Sasaki-Einstein structure on N. where b is the integral cohomology class defined by the Kähler form ω on CP 3 . Among these cohomology classes, the following relations are satisfied
